LOCAL WELL-POSEDNESS FOR THE iJ^-CRITICAL 
NONLINEAR SCHRODINGER EQUATION 
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Abstract. In this paper, we consider the nonlinear Schrodinger equation 

4 

iut + Au = A|«|«-<iu in R^, A^ > 5, with A e C. We prove local well- 
posedness (local existence, unconditional uniqueness, continuous dependence) 
in the critical space H^(M.^). 



1. Introduction 

Throughout this paper, we assume N > 5 and consider the i?^-critical nonUnear 
Schrodinger equation 

J iut + Au = A|u|"u, 
\u{0) = ^, 



(NLS) 



in R , where A G C and 



iV- 



It is often convenient to study the equivalent form equation (NLS) 



uit) 



e'*^<^ - 



tA 



J{t-s)A 



u(s)|"w(s) ds, 



(1.1) 



(1.2) 



where (e'*'^)tgK is the Schrodinger group. (See, e.g.. Lemma 1.1 in [10].) 

Local existence for the Cauchy problem (NLS) is well known in the Sobolev space 
H^(R^) provided a < jj^^^ and (if s > 1) that the nonlinearity is sufficiently 
smooth. Sec Kato [10], Tsutsumi [21], Cazenave and Weissler [5], Kato [12]. The 
smoothness condition on the nonlinearity can be improved (removed, if s < 2) 
by estimating time derivatives of the solution instead of space derivatives. See 
Kato [11], Pecher [16], Fang and Han [7]. The solution depends continuously on 
the initial value H^ — > C([0,T],i7''), see Kato [10], Tsutsumi [21], Cazenave, Fang 
and Han [4], Dai, Yang and Cao [6], Fang and Han [7]. Unconditional uniqueness 
(i.e., uniqueness in C([0,T],iy) or L°°{{Q,T),H'^), without assuming the solution 
belongs to some auxiliary space) is known in a number of cases, see Kato [12], Furioli 
and Terraneo [9], Rogers [17], Fang and Han [8]. Many of these results hold in the 
critical case a = j^z^, see Cazenave and Weissler [5], Kato [12], Cazenave [3], 
Kcnig and Merle [14], Tao and Visan [19], Killip and Visan [15], Cazenave, Fang 
and Han [4], Win and Tsutsumi [22], Fang and Han [8]. 

Our main result concerns the iJ^-critical case (1.1), and is the following. (The 
homogeneous Sobolev space H'^{M.^) as well as the admissible pairs are defined in 
Section 2 below.) 
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Theorem 1.1. Suppose N > 5, X £ C and a is given by (1.1). Given any ip £ 
H'^{M.^), there exist a maximal existence time Tmax — T'maxl'/') > and a unique 
solution u G C([0,rmax),iJ^(K^)) of (NLS). //, in addition, Lp g L'^iR^) then 
u £ C([0,rmax),-ff^(]R^))- Moreover, the following properties hold. 

(i) Au e L9((0, T), i''(M^)) and ut G i'((0, T), L'^(R^))nC([0, T]), L'^{R^)) for 

every T < T^ax and every admissible pair {q, r). 
(ii) u - e^-^Lp e L9((0,T),L'-(]R^)) nC([0,r],L2(RA^)) for every T < T^ax and 

every admissible pair {q,r). 
(iii) // ||Aiy9||2,2 is sufficiently small, then Tmax = oo and both Ut and Aw belong 

to L'' {{Q , oo) , U' {SJ^ )) for every admissible pair {q,r). If, in addition, ip G 

L^{R^), then also u G i«((0, oo), i'-(R^)). 
(iv) (Blowup alternative.) //Tmax < oo, then \\u\\li{(o.t^^^),L'^) — oo, where 7 = 

2(JV-2) _ 2N(N-2) 

N-i ^^ ~ (Af-4)2 ■ 

(v) (Continuous dependence.) Let Lp G iJ^(R^), ((y5")„>i C 7J^(M^), fei u and 
{u")n>i be the corresponding solutions of (NLS) and let Tmax and (T'^ax)">i 
denote their respective maximal existence times. Suppose (^" -^ p in H'^{M.^) 
as n ^ 00. If < T < Tmax, then Tmax > ^ /o*" 1^^^ sufficiently large n. 
Moreover, Aw" -^ Am and < ^ wt m T«((0,T), L''(M^)) as n -)■ 00, for 
every admissible pair {q,r). If, in addition, p G L^(IR^), {(p"')n>i C L'^{M.^) 
and p"^ ^ip m L^{m.^), then u" ^ u in L«((0, T), L''(M^)). 

Note that if u G C{[Q,T],H'^{M.^)), then |m|"w G C{[0,T],L'^{M.^)) by Sobolev's 
embedding (see (2.7) below), so that equation (NLS) makes sense in L^(R^). 

We note that Theorem 1.1 is the H^ counterpart of what is known in the H^- 
critical case a = ]v^' ^ i^ 3. The existence part of Theorem 1.1 in the nonhomo- 
geneous space H'^{R^) is weU-known for TV < 7 [5, Theorem 1.2], and for iV > 8 and 
small initial values pj [5, Theorem 1.4]. Local existence for large data in H^ when 
N > 8, local existence and unconditional uniqueness in the homogeneous space 
H^, and continuous dependence are new, as far as we are aware. Our proof of the 
existence part of Theorem 1.1 follows essentially the proof in [5], which is a fixed- 
point argument. The only noticeable modifications are Lemmas 2.8 and 2.9 below, 
which provide estimates of the nonlinear term |u|"u. These estimates replace, in 
our proof, the estimates given by Lemma 5.6 in [5], and allow us to remove the small 
data requirement in [5, Theorem 1.4]. Moreover, the set in which the fixed-point 
is constructed is modified, with respect to [5], in order to consider initial values in 
the homogeneous space H^. (See Definition 2.1 below.) This modification is also 
the key to prove property (ii) of Theorem 1.1, which means that the nonlinear term 
in (1.2) has better regularity properties than the solution u itself. Unconditional 
uniqueness follows from the argument used in [3, Proposition 4.2.5] for the H^- 
critical case. Continuous dependence is established by adapting the method of [11, 
Theorem III']. Since wc are in the critical case, a truncation argument is used, as 
in the proof of unconditional uniqueness. 

The rest of this paper is organized as follows. In Section 2, we introduce the 
notation and establish a few useful estimates. In Section 3, we prove unconditional 
uniqueness. Section 4 is devoted to local existence and Section 5 to local continuous 
dependence. We complete the proof of Theorem 1.1 in Section 6. Finally, an 
appendix is devoted to the proof of a technical lemma (Lemma 2.4 below). 

2. Notation and preliminary results 

Throughout this paper, all the function spaces we consider are made up of 
complex-valued functions. Given I < p < 00, we denote by p' the conjugate 
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exponent defined by ^ = 1 — i. We say that a pair {q, r) is admissible if (g, r) G A, 
where 

A^{{q,r)e [2, H X [2, 2iV/(7V - 2)]; ^ ^ 7v(i _ i) }, (2.1) 



and we recall Strichartz's estimates 

•A 



sup 

(q,r)^A 



sup \W w\\L.iWL,L^)<K\\w\\L2, (2.2) 

(q,r)eA 



2iV(iV - 2) 


7 = 


2(Ar-2) 

iV-4 ' 


« 


27V2 


M = 


2N 


^-iV2 


-2A^ + 8' 


iV-4' 


27V(iV 


-2) 
4,- '- 




2iV2 


(iV- 


(iV 


-2)(iV-4) 



valid for < T < cx), where the constant K depends only on N . Moreover, if 
w e L2(E^), then e^-^w e C{m.,L^[MJ^))- and if the right-hand side of (2.3) is 
finite, then the integral on the left-hand side belongs to C([0, T],L'^{^^)) if T < cx) 
and to C([0, oo), L^{R^)) if T = oo. (See [18, 13].) 
It is convenient to introduce the numbers 

Oi' AT ^^ 

(2.4) 

(2.5) 

and 

(2.6) 

It is straightforward to verify that (7, p) and (/i, /?) are admissible pairs and that 
2 < p < p. We also recall the following Sobolev's inequalities (see [1, 20]). 

\\u\\l.<A\\Au\\l2, \\u\\l:.<A\\Au\\l., \\uhe<A\\Au\\L,. (2.7) 

We consider the space _ff^(M^) defined as the completion of S(R^) for the norm 
\\u\\^2 = \\Au\\l2. Alternatively, in view of (2.7), H'^{m.^) is the set of it e i^(R^) 
such that Am G L'^{R'^). Similarly, iJ2.P(M^) is the completion of 5(R^) for the 
norm l|u||^2,p = ||Au||lp or, equivalcntly, the set of m S L'^(R^) such that Au S 
LP{R^). Note in particular that by (2.7), H^{R^) ^ L''(R^) and H^-p{R^) ^ 
L'^(R^). As is well known, the Schrodingcr group (e**^)tgR is a group of isometries 
on L2(kA') and on H^{R^). 

We now introduce the set 3^i^,t,m, in which we construct local solutions of (NLS) 
by a fixed-point argument (see Section 4). 

Definition 2.1. Let T,M > and ip G H^(R'^)). We denote by y^,T,M the set of 
u such that 
(i) u G L''((0,T),iJ2.P(MA')) and \\Au\\l-,^^o,t)M) < M, 
(ii) ut G L''{{Q,T),LP{R^)) and Wuth.mrjM) < M, 
(iii) u-e'-^'peL^{{Q,T),LP{R^)), 
(iv) m(0) = LP, 
where p and 7 are given by (2.4). Moreover, we set 

d(u,w) = !1u-i'||lt((o,t),lp), 
for all u,v G 3^^,t,m- 

Remark 2.2. (i) Note that by Strichartz's estimate (2.2), dte'-^tp = ie^'^Aip G 
L'^{R,LP{R^)). Thus if u G y^,T,M, thenu-e'-'^ip G Tyi'''((0,r),i''(M^)), 
so that u - e'-^tp G C{[0,T),Lp{R^)). Since e^'^f^ G C{R,H^(R^)) -^■ 
C(R,L'^(R^)), we see that u G C([0,r),L''(R^) + L^(R^)). In particular, 
the condition u(0) = </? in Definition 2.1 makes sense in LP{R^) + L^(R'^). 
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(ii) It is clear that d is a distance on y^^T,M and it is not difficult to show that 
(3^1(3, T, A/, d) is a complete metric space. 

In the rest of this section, we establish useful estimates of functions in y,p^T,M- 
To prove these estimates, we will use the following elementary inequalities. 

Lemma 2.3. Given any a > 0, there exists a constant C(a) such that 

I l^ru - krw I < (a + l)(|u| + IvD^lu - vl (2.8) 

I H^u - l^rwl < C{a)\ \u\''+\ - |t;|°+ii;|^, (2.9) 

and 

^ic{a)i\ur' + \vr-')\u-v\ tfa>l, 

" |c(a)|u-w|" J/0<a<l, ^'^' ' 

for all u,v Cz C 

Proof. Estimate (2.8) is immediate and (2.10) follows from [4, (2.26) and (2.27)]. 
We prove (2.9) for completeness. Let z £ C, \z\ < 1. It follows that \z\ < \z\'^^ so 
that |1 - Izl^l = 1 - \z\^ < 1 - |z| = |1 - |z| I < |1 - z\; and so, 

|1_ \z\-^z\ < |1 -z| + |z|^||z|^ - 1| < 2|l-z|. (2.11) 

Since |1 — z| < 2, we have |1 — z| < 2»+2 |i _ ^j^^ and we deduce from (2.11) that 

|1- Izp^zl < 2^|l-z|^ if |z| < 1. (2.12) 

Let now u,w G C with \v\ < \u\ and \u\ ^ 0. Inequality (2.9) (with C{a) = 2^) 
follows by setting z ~ \v/u\°-'^^{v/u) in (2.12) and multiplying by |w|"+-'^. D 

Lemma 2.4. Let T > 0, a > 0. Let qi,q2,ri,r2 > 1 satisfy qi,ri > a + 1, 
^ + ^ < 1, f^ + ^ < 1. Ifu e i«i((0,r),i'^i(]R^)) andut £ L«^((0, T), i'^^(]R^)), 
then 

dti\u\''u) ^ ^\u\-ut + ^\ur\^u„ (2.13) 

a.e. on (0,T) x M^. 

The proof of Lemma 2.4, which uses an appropriate regularization argument, is 
postponed to the Appendix. 

Lemma 2.5. Given any T > 0, 

_2_ JV-2 

I|w|1lm((o,T),L/3) < lk|lioo((o,T),L2)||u|li"((o,T),LP)' (2-14) 

II"IIl(''° + i)t((0,T),L(° + i)p) - II"IIl-((o,t),la')II"IU^((o,t),l-), (2-15) 

and 

II |m|"u- |frw|Ly((o,T),Lp') 

< (a + l)(||w||iT((o,T),L'') + I|i'IIl^((o,t),L''))"I|w - «IIl^((o,t),lp), (2.16) 
hold for all functions u, v for which the right-hand side makes sense. Moreover, 

l|5t[|uru]|lLy((o,T),Lp') < (a + l)ll"ll2T((0,T),L-)ll"tllL^((0,T),LP), (2-17) 

for all u e LT((0, T), i''(R^)) such that ut G L''((0, T), LP{^^)). 
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Proof. Both (2.14) and (2.15) follow from Holder's inequality in space and time, by 
using the relations -^ = jf + "TT^ for the first one, and ^ = — + ^ for the second 
one. Estimates (2.16) and (2.17) follow from Holder's inequality in space and time 
and the relations -^ = — + - and A = - + -, the first one by using (2.8) and the 
second one by using the inequality |i9i[|u|"u]| < (a + l)|M|"|ut| (see (2.13)). D 



Lemma 2.6. Given any T > 

'l2((0,T)LT^) -"^ ll--"llL-((0,T),L2)ll--"llLT((o,T),LP)' 



llluruL ,,,_^^^ <A"+iA«||^"^J.„.„,,J|A«||f=,^^^^^^^ (2.18) 



an 



d 



\\\u\''u-\v\''v\\ ^^ 



N-2 
(Q + ln 



<{a + l)A"+^r||A(u - t;)||^^((o ,,)_^,)||A(7. - iOIIl."((o,t),lp)' (2-19) 
where 

r = ||Au||2oo((o j-)^i2) + |lAl'|12oc((o T) 2.2) + I!^"IIl"'((0,T),Lp) + II^^IIl"'((0,T),Lp); 

hold for all u,v G L°^{{0,T), H^(R'^)) n L-^HO^T), H^-p{R^)). 
Proof. Since 

II l^r-ll^.((„^^)^^^) = Mltl,o,T,,L^,<A'^^'\\M\ltl^o.T),Ln^ 

by (2.7), estimate (2.18) follows from (2.14) (applied with u replaced by Aw). 
Similarly, we deduce from (2.8) and (2.7) that 

II |uru-|w|"z;|| 

L2((o,T),L«^) 
< (a + l)A"+l[||A«||2,((o,T),L^) + l|Al'||2.((o,T),L^)]l|A(w - t')IUp((0,T),L^), 

and (2.19) follows by applying (2.14). D 

Lemma 2.7. Given any u,v G H^{R^), 

\\\uruh2<A'^+'\\Au\\lt\ (2.20) 

and 

II \uru - |H%|U2 < (a + l)A"+i(||A^.||2. + ||Az;||22)||A(^. - v)^^. (2.21) 
In particular, the map u ^-^• |u|"u is continuous H'^{M.^) —5- L'^{R^). 

Proof Since || |u|"w||l2 = \\u\\lt\ (2.20) follows from (2.7). Similarly, we deduce 
from (2.8) that 

II \urn - \vrvh. <{a + l){\\u\\l, + \\v\\U\\u - vU., 

and (2.21) follows by applying (2.7). D 

Next, given ip e H^{R'^), we set 

F(^,t) = ||e'-^A^|U.((o,,),i.) + ||e'-^[|^|>]|U-,((o,t),Lp), (2.22) 

for < t < oo. We observe that, since \ip\"ip e L'^{R^) by (2.20), F is well defined 
by (2.2) and F{ip,t) | as i | 0. Moreover, it follows from (2.2) and (2.21) that 
the map {(f,t) t-^ F{ip,t) is continuous iJ^(K^) x (0,oo] -^ (0, cxd). Therefore, if £^ 
is a compact subset of H'^{M.^), then 

supF{ip,t) — >0. (2.23) 

The next two lemmas are key ingredients in our proof of local existence and con- 
tinuous dependence. 



6 THIERRY CAZENAVE, DAOYUAN FANG, AND ZHENG HAN 

Lemma 2.8. Let T,M > 0, (p <E H'^{M.'^), and let y^p.T,M be as in Definition 2.1. 
If u e y,p,T,M, then 

ll"llLiVi,-,((o,T).L( = + .)p) < Ci||A^||^F(^,T) 

+ Ci(||w||2+'o,T),L^) + li«*llLW),Lp) +^(¥',r)"+i), (2.24) 

where F is defined by (2.22) and the constant Ci depends only on N . 

Proof. We follow essentially the proof of [5, Lemma 5.6]. The main difference is 
that we use the auxiliary funetion 



v{t) = u{t) - e**^^ 



(2.25) 



Observe that by the definition of y^,T,M and (2.2), v G L'<{{Q,T),H'^'P), vt G 
L'^{{0,T),LP), and v{Q) = 0. The erux for estimating v is the property ^(O) = 0; 
and e'*^<p is estimated by Striehartz's estimate. We deduce from (2.15) (applied 
with u = e'-'^if), (2.7) and (2.22) that 



<A"+i||A(^||^F(^,T). 
Next, it follows from (2.15) (applied with u = v) that 

ll^llLt + i)7((o,T),L(° + i)P) - ll^lli^((0,T),L-)l|f|l2~((0,T),LM)- 

We now estimate ||w||l=^((o, tj.l^")- Since v{0) ~ and |9t[|u|'''~-^w]| < 7|u|'''~-^|ut|, 
we see that 

\Ht)\\L = \\HtW~Mt)h^_ 



(2.26) 



(2.27) 



L-N-^ 



ds[\vis)\'>-'vis)]ds 



<7/ \\\vP~^\v.. 



'L«-2 



L«-2 

ds. 



(2.28) 



Af-2 _ 7-1 _L 1 
N ~ v 

in time that 



Since ^^^^ = ^^^ + i, it follows from (2.28) and Holder's inequality in space and 



\\v{t)\\l^ < 7 / \Hl~'^\\vt\\Lpdt < 7lkllI~(\o,T),L-)""*"^^((0,T),LP), 



for alio <t <T, so that 



\\v\\UiO,T)M') < 7^IIHIi"((o'T):Ll)lk*lir.r(0,T),L.)- 

It follows from (2.27) and (2.29) that 

II'^IIl(<» + i)7((0,T),L(° + i)p) - ' \\'^\\L-y{{0,T),L") II ^* IIL7((0,T),Lp) ' 

Observe that by (2.25) and (2.7) 

lkllL7((0,r),L'') < \\u\\l-'{{0,T),L") + M^-'' ^V||lt((0,T),Lp) 



and 



lkt||L7((0,T),LP) < ||'"t|lL-'((o,T),LP) + ||e*' ^'■P\\Ly{{0,T),LP} 
< \\ut\\L-'{{0,T),LP) +P{'P^T)- 



(2.29) 



(2.30) 



(2.31) 



(2.32) 
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Note also that by (2.25) 



MT 



A_|ia+1 



^ 2 (||e ¥'lli(c+i)T((o,T),L(°+i)p) "*" II^'IIl(°+i)-'((o,t),l(°+i)p)-'' (2-33) 

Estimate (2.24) follows from (2.33), (2.26), (2.30), (2.31), (2.32) and the elementary 
inequality {x + y)"'*'^ < 2°'{x°'~^^ + y"^^). (Note that the various constants a, A, 
7 only depend on N, so that Ci also only depends on N.) D 



Lemma 2.9. Given T,M>0 and (/3, V' G H'^{M.^), the following properties hold. 
(i) //w e y^,T,M> then |m|"w g C([0,r], ^^(M^)). 
(ii) If u e y<p,T,M and v £ y^^r.M, then 



where the constant C'2 depends only on N . 



i+1 

K + 2 



(2.34) 



Remark 2.10. Note that 
w = 0, "0 = implies that 



\u\"u\\l2 = \\u\\l+'^. Therefore, estimate (2.34) with 



1 
I|w||l~((0,T),Lm) < C2° + ' 


'Mlf' 


so that 


h^ L°"((0,T),LA') < 


cr^ [ 



M° 



l^tllL^((0,T),LP) + \\u\\lt{{0,T),L")) 



|a+2 



A"+^||A^||2r + (l + A)M 



Q + 2 



(2.35) 



for aU u £ y^^T, 



ip,T,M- 



2(a+l) 



pN 



)) if and only if u; £ C([0, T], L" (R^)), where w = |m| 



la+l. 



Proof of Lemma 2.9. We first prove Property (i). Note that ^ = ^S^' ^° ^'^^^ 

|u|"ueC([0,T],X2(] 

Note that 

\\w\ 



L^({0,T),L-i) 



ll/ll" + 2 <- 4Q + 2^rQ + 2 



(2.36) 



Moreover, ^ 



1 = 2+1 + 1 and \wt\ < (a + 2)|u|"+i|ut|, so that by 



Holder's inequality in space and time 

<{a + 2)A"+iA/"+2. 



\\wt\\ 



T).LP) 



(2.37) 



Note that estimates (2.36) and (2.37) alone do not imply w £ C([0,r], L^(R^)). 
(Let for example it;(t) = wq with wq G Lt" \ L~ .) Wc use the property u(0) = tp 
to complete the proof of (i). Let X = L^ (R^) + L^ (R^). It follows from (2.36) 
and (2.37) that w e W^^^{{0,T),X) ^ C{[0,T],X). In particular, there exists a 
sequence t„ J, such that w{tn) — > w(0) a.e. on R^. On the other hand, u{t) — >■ (p 
in LP(R^) + L'"(R^) as t 4, 0, by Remark 2.2 (i). Therefore, by possibly extracting 
a subsequence, we deduce that u(i„) — > f a.e. on R^. Thus w(i„) -^ |(^|"+^(p a.e. 
on R^ and we conclude that w{0) = |(^|"+V- Since v? G L2(°+i)(R^) by (2.20), 
we conclude that w{0) € L~(R^). We now write 

w{t) = w{0) + / wtis)ds. 



Since wt GL^ ((0,7), im- 
proves Property (i). 



pN 



)) by (2.37), we see that w G C([0, T], L" (R^)), which 
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Let now u, v be as in (ii). It follows in particular from (i) that |u|"+^u, |w|"+^w S 
C([0,T],i^(M^)). Applying (2.13) with a = a + 1 to both u and v, we obtain 

dt{\v\"+^v - \ur+'u) = ^±^\vr+\vt - ut) + ^(|t;|"+i - |«r+i)K 

+ ^\vr-'v\iH-u,) + '^{\vr\^ - \ur-'u')ut. 

Using (2.10) with a = a + 1, we deduce that there exists a constant C depending 
only on N such that 

\dt{\vr+\^ - \ur+^u)\ < c{\vr+' + \ur+')\vt - ut\ 

+ci\vr + \un\ut\\v-u\. 

Applying Holder's inequality in space and in time, it follows that 

II tvi I II ^iili((o,t),l^) 

< C'(IMIlI(^(0,T),L'0 + ll^llL^UO,T),L-))ll^t - "t||LT((o,T),LP) 
+ C'(IMIl-'((o,T),L-) + ll^llLnCO.T),^-))!!" - "IU^((0,T),L-)lkt||L7((0,T),LP)- 

We deduce by using (2.7) that 

liat(|v|"+H.-|w|"+iw)|| 

I IVI I II ^"li((0, T),Lt) 

< 2C{AMr+'\\vt - ut\\L-'(io.T).Lp) + 2CA"M"+'\\v - u|U.((o,t),l^), 
so that 

+ 2C(AAf)"+i||i>t - utllL.cio.Tj.L.) + 2CA"Ar+i||z; - u||l-'((o,t).L")- (2.38) 
Finally, by (2.8) and Holder's inequality 

II i^r+v - i^r-^vii^- < (« + mwrLt' + Mit'm - ^lu- (2.39) 

Since 

lll^.r«-lH"^^lu~((o,T),L^)<2^llbr+l«-H"+l«ll^^^ ^ ., 

by (2.9), estimate (2.34) follows from (2.38) and (2.39). D 

3. Unconditional uniqueness 

In this section, we prove unconditional uniqueness in C([0, T], H'^(M.^)) for equa- 
tion (NLS). 

Proposition 3.1. LetT >0,ipe iJ2(R^) and suppose u\u'^ e C{[0,T],H'^{R^)) 
are two solutions of (1.2). It follows that u^ = u^ . 

Proof. The proof is an obvious adaptation of the proof of Proposition 4.2.5 in [3]. 
Note first that, by Sobolev's embedding, lu-^l^w^ G C{[0,T],L'^{R^)), for j = 1,2. 
Therefore, we deduce from equation (1.2) and Strichartz's estimate (2.3) that 

ii^-e^-^<^GL'((0,T),L'-(R^)), j = l,2, (3.1) 

for every admissible pair {q,r). Set now 

5* = supJT e [0,T]; u^{t) = u^{t) for < i < r}. 
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SO that < S* < T. Uniqueness follows if we show that S = T. Assume by 
contradiction that S < T. Changing u^(-),w^(-) to u^{S + •),u^(5 + •), we are 
reduced to the case S = 0, so that 

sup ||it^ -u^||l5((o.t).L'-) > for aU < r < T. (3.2) 

(q,r)eA 

On the other hand, it follows from (3.1) that u^-u'^ e L'^{{0, T), L'^(R^)) for every 
admissible pair {q, r). Moreover, it follows from equation (1.2) (for both u^ and u^) 
that 

u\t)-u^(t)= f e''-*-'^^[\u\s)\"u\s) ~ \u\s)\"u\s)]ds. 
Jo 

Applying Strichartz's estimate (2.3), we deduce that 

sup \\u'-U^L-iiO,r),Ln<K\\W'ru'-W'rU^ ^ (3.3) 

{q,r)£A -L-((0,r),L«+2) 

for every < r < T. On the other hand, it follows from (2.8) that 

where / = {a + l){\u^\" + \u^\"). Since u^,u^ e C{[0,T],L^'(R^)), we see that 

/eC([o,r],Lf(R^)). (3.4) 

Given any i? > 0, we set 

fR = mm{f,R}, J^^f-jR. 
It is not difficult to show (by dominated convergence, using (3.4)) that 

11/^11 « =:eB ^ 0. 

Moreover, 

\\fR\\L^iiO,T),L«)<R^\\f\? ,, ^^ „ =:C(i?)<oo, 

for all R > 0. Therefore, given any < r < T, 

\\f"'\u^~u^\\\ 2N <eB\\u^-u^\\ 2N , (3.5) 

and 

< C(R)t^ \v} - U^||i^((o,r),L2)- 

It follows from (3.3), (3.5) and (3.6) that 

sup ||w^ -u^||l9((o,t),L'-) < A'[efl + C'(iT!)T2] sup ||w^ - u2||L<!((o,r),L'-)- (3.7) 

{q,r)^A {q,r)^A 

We first fix R sufficiently large so that Ker < j- Then, we choose < tq < T 
sufficiently small so that KC{R)tq < i, and we deduce from (3.7) that 

sup ||u^ - U^||L<!((o,ro),L'-) = 0. 
{q,r)eA 

This contradicts (3.2) and proves uniqueness. D 



(3.6) 
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4. The local Cauchy problem 

In this section, we prove local existence for the equation (1.2) by a fixed-point 
argument. More precisely, we have the following result. 

Proposition 4.1. Let M > be sufficiently small so that 

\X\K{a + l)2"yl"M" < i, (4.1) 

\X\[Kia + 1)A" + Ci(l + A"+i)]M" < i, (4.2) 

where Ci is the constant in Lemma 2.8, and K and A are the constants in (2.2)- 
(2.3) and (2.7), respectively. Let ip £ iJ^(R^), T > and suppose further that 

Fi^,T)<^, (4.3) 

(2+|A|Ci||A^||2.)n^,T) + |A|CiF(^,T)"+i<^. (4.4) 

It follows that there exists a solution u e C{[0,T], H^{R^)) n L'^ {{0,T), H'^'P{R^)) 
of (1.2). Moreover, u G y^^T,M (given by Definition 2.\), Au G L«((0, T), L''(R^)) 
and ut G L«((0, T), L'^(R^)) nC([0, T],L^{R'^)) for every admissible pair (q, r). //, 
in addition, ip e L^iW^), then u e L'^HO^T), U (R^)) n C{[0,T], L^i^^)). 

Proof. We look for a fixed point of the map $ defined by 

$(u)(f) = 6**^^5 -iA / e*(*-'')^[|M|"u](s)ds 

= e**^V'-iA / e'''^[\u\°'u]{t~s)ds 
Jo 

in the set y^p,T.M of Definition 2.1. Note that $(u) satisfies 



(4.5) 



li$t + A$ = A|u|"u, 
\$(0) = ^, 

and that 



(4.6) 



dMu) = ie''^[ALp ~ |(^|"^] - ^A / e'^'-'^^ds[\u\°'u](s) ds. (4.7) 

JO 

We first claim that yip,T.M is nonempty. Indeed, if u[t) = e''*^ip, then 

\\ut\\L->{{0,T),LP) = l|A?i||LT((o,T),LP) < F{T,Lp) < M 

by (4.3). Since m — e*'^(/9 = 0, wc see that u G 3^,^,t.a/. Next, it follows from (2.17) 
and (2.7) that 



l|9t[|uru]|lLy((o,T),Lp') < (a + l)^"l|A"llL"'((0,T),LP)htlU-'((0,T),LP) 

< (a + l)A"A/"+i. ^ ■ '' 

Applying (4.7), (2.22) (2.3) and (4.8), we see that if m G y^,TM, then 

l|9t$(")llL.((o,T),Lp) < 2^(^,T) + |A|A'(a + l)A"Af"+i < A'/, (4.9) 

where we used (4.3) and (4.1) in the last inequality. In view of (4.6) we have 

l|A$(u)|U.((o,T),LP) < \\dMn)\\L^iio,T)M) + l-^lll"llLi+i).((0,T),L(= + i)p)- (^-lO) 
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It follows from (4.10), the first inequality in (4.9) and (2.24) that for every u € 

II A$(w)|U.((o,T),L.) < (2 + |A|Ci II Ay.||£.)^(^, T) + \X\C,F{^, Tr+' 

+ \X\[K{a + 1)A" + Ci(l + ^"+i)]A/"+i < M, (4.11) 

where we used (4.4) and (4.2) in the last inequality. Next, observe that |u|"u G 
L°°((0,r),L2(KJV)) by Lemma 2.9 (i). Therefore, it follows from (4.5) and Stri- 
chartz's estimate that $(m) - e'-^ip e L''((0,T), L''(R^)). Thus we see that $ : 
y>p,T,M >-> y^p.T.Ai- We next deduce from (2.16) that, given u,w G y^,T,M^ 

II \uru - Iz^l^lLv ((o,T),LP') < (« + l)(2AAf )"d(«, v)- 

and so, applying (4.5) and (2.3), 

mu) - $(z;)|U.((o,T),Lp) < |A|A'(a + l)(2^Af)"d(«,«) < id(u,«), 

where we used (4.5) in the last inequality. Thus we see that d($(u),$(w)) < 
^d(u,t') for all u,v £ y^.r.M, and it follows from Banach's fixed point theorem 
that $ has a fixed point u G y,p.T.M- In particular, w is a solution of the integral 
equation (1.2). 

We now prove the further regularity properties. We first claim that M(,Au G 
C([0,T],L2(]R^)nL9((0,T),L''(M^)) for every admissible pair (g,r). Indeed, note 
that (see (4.7)) 

ut = ie"^[A^ - |(^rv'] -iX [ e''-'-'''^'^ds[\u\°'u]{s) ds. (4.12) 

Jo 

Since Atp - |(^|"(p G L^{R^) and 9t[|u|"u] G L'''((0,T), L'''(K^)) by (4.8), it fol- 
lows from Strichartz's estimates that Ut G L'((0, T), L''(R^)) for every admissi- 
ble pair (g,r) and Ut G C{[0,T],L^{R'^)). Since |m|"m G C{[0,T],L^{R'^)) by 
Lemma 2.9 (i), it follows from the equation (NLS) that Am G C{[0,T], L'^{R^)). 
Next, since Aw G L^((0,T), L''(M^)) n L°°((0,r),L2(R^)), it follows from (2.18) 
that |u|"u G L^{{0,T),L^^{'R'^)). Furthermore, \u\"u G L°°{{0,T),L^{R^)) 
by Lemma 2.9 (i); and so, by applying Holder's inequality, we see that |u|"u G 
L'((0,T),L''(R^)) for every admissible pair {q,r). Since Au = ~iut + A|u|"u, we 
conclude that Au G L«((0,T),L'-(M^)). 

Finally, suppose further that tp G L^{R^). Since |u|"m G L°°{{0,T),L^{R^)) 
by Lemma 2.9 (i), we deduce from equation (1.2) and Strichartz estimates (2.2) 
and (2.3) that u G L«((0, T), L'^(R^)) n C([0, T],L^(R^)) for every admissible pair 
{q,r). This completes the proof. D 

5. Continuous dependence 
In this section, we prove continuous dependence on a small time interval. 
Proposition 5.1. Let M > satisfy (4.1)-(4.2) and 

2{a + l)KA°'M°' <-, (5.1) 

(a + l)|A|XA"A/" < i (5.2) 

2(a + l)(2A'/)^(|A|Ci)^<i, (5.3) 

where K, A and Ci are the constant in (2.2)-(2.3), (2.7) and (2.24), respectively. 
Let (iy9")„>o C H'^{R^) and suppose 

V3" — ^ (^° m H^{R^). (5.4) 
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Let r > and suppose further that 

F{^-,T)<^, (5.5) 

(2 + \\\Cr\\/^v-\\l.)F{^\T) + |A|CiF(^",T)"+i < ^, (5.6) 

for all n > 1. For every n > 0, let u" G y^r^.T.M be the solution of (1.2) with if 
replaced by </?", given by Proposition 4.1. (The assumptions of Proposition 4.1 are 
satisfied, by (4.1), (4.2), (5.5) and (5.6).; It follows that Aw" ^ Au" and uj' ^ m? 
m L'((0, T), L''(M^)) as n ^ oo, /or every admissible pair {q,r). If, in addition, 
('/'")n>o C L^{R^) and (p" ^ (^^ j„ iZj-j^A^)^ ^/^g^ y« _^ ^o j^ L9((o, T), L'-(K^)). 

Proof. Since u" G 3^ip",T,A/, we have 

IKIIl.((o,t),lp) < M, |lAu"|U-,((o^r),ip) < M, (5.7) 

for all n > 0. We set 

Sn^ sup ||u" -Ut|ji,((o,T),L'-), (5.8) 

{q-r)eA 

a„-||A(«"-i.")|U.((o,T),Lp), (5.9) 

where A is defined by (2.1). We also set 

,7„ = ||A(^" - ^")|U. + II |(^"|V" - |^°|V°|U. + f (¥>" - ^',T), (5.10) 

where F is defined by (2.22). It follows from (2.21), (5.4). and Strichartz's esti- 
mate (2.2) that 

Vn -^ 0. (5.11) 

n— >-oo 

We now proceed in five steps. 
Step 1. We prove that 

sup ||u;"||l,((o.t).L'-) — > 0, (5.12) 

{q,r)eA ' ' "^°° 

where A is defined by (2.1) and 

u." = (m" - e'-^if") - (w° - e*-'^¥'")- (5.13) 

Indeed, it follows from (1.2) (for u° and m") that 

w'\t) = -zA / e*(*-*)^[|u"(s)|"u"(s) - |u°(s)|"u''(s)] ds. (5.14) 

Jo 

It follows from (2.8) that 

||u"(s)ru"(s)-|u°(s)|"u"(s)| 

<{a + l){K{s)r + \u%s)n\u^^s) - u"{s)\ < g^i+g^, (5.15) 
where 

g'l = {a + l){\u-{sT + \u\s)n\w-[s)\, 
g- = {a + l)(|u«(s)r + |z."(s)|")|e-^(^" - /)|. 
Note first that 

II |u^(s)nw"(s)|||iV((o_j,)_^p') < ||w^||2T((0,T),L-)lk"||L-'((0,T),LP) 

< A"||Aw ||27((o,T),LP)ll"'"IU^((0,T),LP) 

<A"A/"||«;"iU.((o,T),Lp), 
for all ^,ri > 0, by (5.7). Therefore, 

II5"IIlV((o,t),lp') < 2(« + l)^"M"||«;"|U.((o,T),Lp). (5.16) 
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Next, since ^ = — + i, it follows from Holder's estimate and (2.7) that 
II |tt^(s)ne-^(^" - ^°) IIU. < \\u'{s)\\U\e^^^{^- - /)|U. 

<A||«^(s)||2.||A(^"-^°)|U., 
for all < s < T and £,n>0. Applying (2.35) and (5.10), we obtain 



II |u*(s)ne^"^(^" ~ V>)\\\l^ < AC^^' ^"+^||A(/3^||°r + (1 + A)M 
so that 



,fa+2 



Vn, 



I|32IIli((o,t),l^) <2(a + l)rACr^ A"+^||A/||2+^ + (l + ^)M 



ra+2 



'Vn- (5.17) 



We now set g = |u"(s)|"u"(s) - \u°{s)\"u°{s). Since I5I < g" + ffz by (5.15), 
there exist measurable functions g" and ^2 such that |5"| < 5", IgJ I ^ 5? ^''^'^ 
5 = 5"+ 52 ■"'^ Therefore, it follows from (5.14), (5.16), (5.17) and Stricharts'z 
estimate (2.3) that 

sup |k"|U,((o,T),L-) < 2(a + l)i^A"M"||u;„|U-,((o,T),Lp) 
(9,'') 

+ 2(a + l)TKAcf~' \A''+^\\Aip"\\lt^ + (1 + A)il/"+2 

Applying (5.1), (5.4) and (5.11), we conclude that (5.12) holds. 

Step 2. We prove that 

Sn -^ 0, (5.18) 

where Sn is defined by (5.8). Indeed, we deduce from formula (4.12) and Strichartz's 
estimates (2.2)-(2.3) that 

S„ < K\\A{ip- ~ /)|U. + K\\ |^"|>" - |/|>°|U. 

+ iA|xiia*(i«'r"" - i«°r«°)iLy((o.T),LP') 

< A'77„ + |A|if ||9*(|«"r«" - \uTu')h-r'iio,T)M'y (5-19) 
We now apply (2.13) with a = a to both u and v and we obtain 

\dti\v\''v-\u\''u)\<{a + l)\v\''\vt-ut\ 



h|"-2„2_, |a-2y2| 



\Ut\ 



Applying (2.10) with a = a, we deduce that 

\dti\v\"v - \u\''u)\ < (a + l)\v\''\vt - ut\ + BF{u, v)\utl 
where 



F{u,v) 



\u\°'-^ + \v\°'~^\u - v\ ifa>l, 



(5.20) 
(5.21) 



|u-w|" if0<a<l, 

and the constant B > 1 depends only on N. It follows from (5.20) that 

||ai(|zi"|"w"-|«Or«0)||^V((„,,)^^,,)<(a + l)||u«||2.((o,T),L^)ll"r-«?lU-((O.T),LP) 

+ i?||F(ri",u«)|«0|||^y((o_^),^,,) 

< (a + l)A"Af"5„ + i?||F(u",«0)|^?||Ly((o_^),^,,), (5.22) 

where we used (2.7), (5.7) and (5.8) in the last inequality. Applying now (5.19) 
and (5.22), we see that 



Sn < Kr^n + (a + l)\X\KA°'M°'Sn + \\\KB\\F{u'^ ,u°)\u^ 



1 1 IIl^'((o,t),lp')- 



For example, g" = 3 if I3I < g" and g" = g"\g\ ^g otherwise. 
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which yields, using (5.2) 

5^<2K7^,, + 2\\\KB\\F[u^y)\4\\\^y^(^^r)x^'y (5-23) 

Now, observe that |uj| is a fixed function of U'{{Q,T),LP{K.^)). Therefore, if we 
set 

/fl = min{|wO|,i?}, /^=|«°|-/«, (5.24) 

for i? > 0, then 

li/''l|L.((o,T),L.)=:£fl-:^0, (5.25) 

and 

ll/fl||L^((0,T),LP) < |l"t||iT((0,T),LP) < ^^- (5.26) 

Moreover, if p > p, then 

\\lR{t)r^,<R^-'\\ut{t)\\l., (5.27) 

for a. a. i, so that 

ll/flJlLn(o,T),Lp) < R^T^'^\Wt\\t((o,T)M) ^ R'^T^MT. (5.28) 

We now fix i? > 0. Writing |u"| — f^ + Jr, we see that 

< efl||F(«",«°)i||^((o^r)^i.) + \\F{u-,u'')fRhy^^o.T),L^'r (5-29) 
Since |F(u",m")| < (|u"| + |u"|)" by (5.21), wc deduce from (2.7) and (5.7) that 

||F(u",u")i||2-,((o,T),L^)<2"A"Af", 
and it follows from (5.29) that 

\\F{u ,U )|Ut I |ii7'((o.T),Lp') 

< 2"A^M^eR + \\F{u'^ - u'>)fnh-,'ao,T)M')- (5-30) 
We now estimate the last term in (5.30), and wc first assume 

a < 1. 

We have 

|F(m",w°)| < |ii"-u°|" < |u;"|" + |e"'^((p"-v9°)r, (5.31) 

where w" is defined by (5.13). We first estimate, using (5.26), (2.7) and (2.2) 

II |e-^(^" - ^"rfR\\L-.'iiO,T)M') ^ W^^'^i^'' - /)ll2.((0,T),L^)ll/«llLn(0.T).LP) 

<Af^"||e»-^A(^"-^°)||2.((o.T).L.) 
<M^"iC"||A(^"-^")||^, 

so that 

II |e-^(<^" - /)r/fl|Ly((o,T),Lp') < MA-K'^r,:. (5.32) 

To estimate the contribution of the second term in (5.31), we set 

__ 2{N - 2){N - A) 

^~ N^-SN + 8 ■ 
It follows that p>p and that ^ = s±i, J_ = ^ _|_ 4, Applying Holder's inequality 
in space and time, and (5.28), we deduce that 

II l^"r/ii|lL"''((0,T),Lp') ^ 11""^" IIl^((0, T), LP) ll/flllL^((0,T), LP) 

p-p p-p [o.oo) 

<i?^T^||u;"||2.((o.T),Lp)- 



THE H^-CRITICAL NONLINEAR SCHRODINGER EQUATION 15 

It now follows from (5.23), (5.30), (5.31), (5.32), and (5.33) that 

5n < 2"+i|A|/\SA"Af"efl. + 2A'77„ 

+ 2\X\MA'^K'^+'Brj: + 2|A|XSi?VT^ lk"ll^((o,T),L.)- (5-34) 
We first let ti — )• cx) in (5.34). Applying (5.11) and (5.12), we obtain 
limsup(5„ < 2'^+'^\\\KBA"M°'eR. 

Since i? > is arbitrary, we may let R — > oo, and (5.18) follows by using (5.25). 
We now suppose 

a > 1, 
and we have 

|F(m",wO| < (|m"|"-i + |uO|"-1)|m"-u°| 

< (|M"r-i + |u°r-i)(|w"| + |e"^((^" ~ /)|). 

We set 

2iV(A^-2) 
P = 



iV2 -87V + 16' 

It follows that p > p, and that A = ^^, A = ^^ + i + i. We estimate by 
Holder's inequality in space and time 



mu-r' + i«"r-^)|e--(^" - v")\fR\\L.-mT).L^') 

^ C^dl" I1lt((0,T),L'0 ^ "" IIl^{(0,T),L'')) 

\W i'P'' - 'P )llLT((0,T),L-)ll/fl||L^((0,T),LP), 

and 

\\{\uT-' + \ur-')\^l.fR\\L-.'ao,T)M') 

^ C^(If IIlt((0,T),L'') + II" IIl^((0, T),L'')) 

ll^"llL"'((0,T),LP)ll/fl||L7((0,T),LP): 

and it is not difficult to conclude as above that (5.18) holds. 

Step 3. We prove that 

a„ -^ 0, (5.36) 

where an is defined by (5.9). Indeed, it follows from the equation (NLS) (for u and 
m") that 

an < Sn + |A| |||u"ru" - |w°ru°||L.((o.T).L.). (5.37) 

Note that by (2.8) 



111^"!""" - \uTu''\\L->ao,T)M) < (« + 1)(II«"IIl<».i..((0.T),L<» + i)p) 

+ 11" IIl(° + i)t((0,T),L(° + i)p))II"" ^ " IIl(° + i)^((0,T),L(° + i)p)- (5.38) 

Next, it follows from equation (NLS) and (5.7) that 

|A|h"ll^tVi,.((o,T),L<»+iv)<2M, (5.39) 

for all n > 0. Moreover, u" — u° e y^n_^ox,2M- Therefore, (2.24) yields the 
estimate 

11" " llL(a + i)T((0,T),L('» + i)P) — "-ll^'/n +^ "n + "n J- 

Since (x"+^ + y"+^ + z°+i)^ <x + y + z,we deduce that 

1 J 
11m" - u°||l(=+i)^((o,t),l(°+i)p) < CT^' [2^^7?„ + Act„ + (5„]. (5.40) 
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It follows from (5.38), (5.39) and (5.40) that 

\x\\\\uTu''-\uTu"\\L->mT)M) 

< 2(a + l)(2M)^(|A|Ci)^ [2^7/„ + Aa^ + S^]. (5.41) 

Estimates (5.37) and (5.41) yield 

cTn<6n + 2(a + l)(2Af)^(|A|Ci)^[2^77„ + Aa,, + <5„]. (5.42) 

Applying (5.3), we deduce from (5.42) that an < 3(5„ + 2?7„, and (5.36) follows 
from (5.18) and (5.11). 

Step 4. We prove that 

Am" — > Au" in L«((0,r), L'-(R^)), (5.43) 

n— >oo 

for every admissible pair {q,r). Indeed, note first that by lemma 2.9 (ii), together 
with Sobolev's inequality (2.7), (5.4), (5.18) and (5.36), 

II |w"|"«" - |wOr«0|U^((o.T),L^) -^ 0. (5.44) 



n— >oo 



Next, observe that by the equation (NLS), (5.18) and (5.44), Au" is bounded, as 
n ^ oo, in L°°((0,T),L2(rW)) Therefore, it follows from (2.19) and (5.36) that 

|||u"rw"-|u"|"w"|| 2iv ^0. (5.45) 

It now follows from (5.44) and (5.45) that 

II jti'r^" - \u°ru'\\LHio,T),Ln -^ 0, (5.46) 

n~yoo 

for every admissible pair (g,r). Property (5.43) follows from (5.18), (5.46) and the 
equation (NLS). 

Step 5. The case (/?" ^ (yj" in ^^(kW). If ((^")„>o C ^^(mW) and (/?" ^ (/jO in 
L^(]R^) as n — > oo, then by Strichartz's estimate, 

||e-^(vp"-^°)|U,((o,r),Ln -^0' 



n— foo 



for every admissible pair {q,r). Applying (5.12), we conclude that 

l|w"-w"lU<!((0,T),L'-) > 0, 

n->oo 

for every admissible pair {q,r). This completes the proof. D 

6. Proof of Theorem 1.1 

In this section, we complete the proof of Theorem 1.1. Note first that uniqueness 
follows from Proposition 3.1. 

Fix AI > sufficiently small so that (4.1) and (4.2) are satisfied. Given an 
initial value cp e H^{R'^), it follows from (2.23) that if T > is sufficiently small, 
then (4.3) and (4.4) are satisfied. Therefore, it follows from Proposition 4.1 that 
there exists a solution u e C{[0,T],H^{R^)) of (1.2). We now extend u to a 
maximal existence interval by the usual procedure. We set 

Tmax = sup{r > 0; there exists a solution C([0, r], i/2(M^)) of (1.2)}, 

and it follows from what precedes that Tmax > T > 0. By uniqueness, there 
exists a solution u e C{[0,T^^^),H^{R^)) of (1.2). We now fix < 5 < T^ax and 
showthatueL«((0,5'),iJ2,r(RAf))andut € Li{{0,S),L'-(R'^))nC{[0,S],L^{R^)) 
for every admissible pair {q,r). Indeed, since u £ C([0, S*], iJ^(M^)), we see that 
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Uo<t<s{u(i)} is a compact subset of i7^(R^). It then follows from (2.23) that if 
T > is sufficiently small, then 

sup F{u{t),T)<^, (6.1) 

sup (2 + |A|Ci||A^||2.)F(u(i),r) + |A|CiF(u(i),r)"+i < ^. (6.2) 

Therefore, we may apply Proposition 4.1 with ip replaced by u{t) for every t £ [0, S]. 
By uniqueness, we conclude easily that u has the desired regularity properties. 
Next, it follows from Lemma 2.9 (i) that |u|"u £ L'^{{0,S),L'^{R^)), so that 
the further regularity property (ii) follows from Strichartz's estimate (2.3). If, 
in addition, Lp g L'^{M.^), then e^'^^ € C([0, T,„ax), i^(K^))- Therefore, u S 
C([0,Tniax),i^(K^)), and wc conclude that u £ C([0,r,nax), i?^(K^)). 

So far, wc have proved the first statements of Theorem 1.1, as well as proper- 
ties (i) and (ii). Wc now prove property (iii), and we fix il/ > sufficiently small 
so that (4.1) and (4.2) are satisfied. Wc note that by (2.2) and (2.20), 

Therefore, if ||A(y9||^2 is sufficiently small, then 

M 
J^(^,oo)<— , (6.3) 

(2 + |A|Ci||Ay.||£.)i^(¥',oo) + \\\C,F{ip,^r+^ < ^. (6.4) 

We fix such a p and we let u G C([0, Tmax), i?^(M^)) be the corresponding solution 
of (NLS). Given any < T < oo, it follows from (6.3)-(6.4) that we may apply 
Proposition 4.1. We therefore obtain a solution of (NLS) u^ G C([0, T],H^{R'^)) n 
ytf>,T,M with dtu^ G C([0,T],_L^(R^)). By uniqueness and maximality of Tmax, 
we see that Tmax > T and that u = u^ on [0,T]. Since v?' S yLp,T,M, we 
have ||AM||iT((o. T). LP) < J^i and ||ut||2,"'((o. t).lp) < ^^- Therefore, by the blowup 
alternative we see that Tmax = oo. Thus, wc may let T — ;■ cxj and we see 
that Au e T'^((0,oo),L''(E^)) and ut G LT((0, oo),i''(M")). Next, we deduce 
from (4.8) that dt[\u\°'u] G Tt'((0, oo),i'''(]R^)), so that by (4.12) and Strichartz's 
estimates ut G T'((0, oo), L''(R''^)) for every admissible pair {q,r). Furthermore, 
we deduce from Lemma 2.9 (ii) that 

\u\°'ueL°°{{0,oo),L^iR^)), (6.5) 

and it follows from (NLS) that Am G L°° {{0 , oo) , L^ {R^ )) . Applying (2.18), we 
deduce that \u\"u G L'^{{0,oo),L^'~^{R^)). Interpolating with (6.5), we conclude 
that |u|"u G T''((0, oo),T'"(M^)) for every admissible pair (g, r). Since Au = 
-iut + A|m|"u, we see that Am G T«((0, oo), L''(]R^)). 

We now prove the blowup alternative (iv). Suppose by contradiction that Tmax < 
oo and 

ll'"||L^((o,r„,a,),L") < oo. (6.6) 

We first show that 

ll'"t||L^((o,r„.,,),Lp) < 00, (6.7) 

l|AM||i-,((o,T„,ax),Lp) < oo. (6.8) 

Fix e > sufficiently small so that 

(a + l)|A|i^e"<i. (6.9) 
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By (6.6), there exists T^ e [OjTmax) such that 

\W\\l-i({t^,t„,^^),L") < £■ 
Changing u(-) to u(Ti, + ■) and (p to u{T^), wc may assume that Tg = 0, so that 

l|w|U-'((o,T„,,,),L-) < £■ (6.10) 

We next observe that by (4.12), Strichartz's estimates (2.2)-(2.3), (2.20) and (2.17), 

lkt||L.((o.T),Lp) < A'dlA^IU. + A"+i||A^||2+i) 

+ (q + l)|A|A'||M||2T((o,T),L'')ll"tlU^((0,T),LP), 

for all < T < Tmax- Applying (6.10) and (6.9), we deduce that 

ll"t||L.((o,T),L.) < 2A-(||A^|U. + A"+i||A^||2+i) (6.11) 

for all < T < Tmax- Thus ||ut||L"'((o.T,„ax).Lp) < °° ^^'^ (6-7) holds. We deduce 
from the equation (NLS) that if < T < T,nax, then 

I|Au||l^((0,T),Lp) < ||wt||LT((0,T),LP) + |A|ll"llLtVi)-7((o,T),L(° + i)p)' (^'l^) 

for every < T < r^ax- It follows from (6.12), (6.7), (6.6) and (2.24) that (6.8) 
holds. 

Next, (6.7), (6.8) and (2.17) imply that dt[\u\"u] e L^^' {{0,Trn^^),LP' (R^)), 
so that by (4.12) and Strichartz, ut € C([0,T,„ax],i^(K^))- Since also |w|"w S 
C([0,T,nax],i^(K^)) by (6.7), (6.8) and Lemma 2.9 (i), we deduce from equa- 
tion (NLS) that Au e C([0,Tmax],i^(K^)), so that u e C{[0,Tn,^^],H'^{R'^)). 
Thus we may apply Proposition 4.1 and construct a solution v of (1.2) with tp 
replaced by u(T'max)! on some time interval [0,T] with T > 0. Setting 

-,,, /w(i) 0<f<T,nax, 

"(') — 'i f 

I ^'l,^ -'niaxj -'max _: ^ _ -'max i J- , 

it is not difficult to see that u is a solution of (1.2) on [0, Tmax+T], which contradicts 
the maximality of Tmax and proves the blowup alternative. 

It remains to prove the continuous dependence property (v). This follows from 
Proposition 5.1 and a standard compactness argument. More precisely, let ip S 
iJ^(R^), and let u be the corresponding solution of (1.2), defined on the maximal 
interval [0,Tmax('p)). Fix T < r„iax, and fix M > satisfying (4.1), (4.2), (5.1), 
(5.2) and (5.3). Since Uo<t<T{u{t)} is a compact subset of iJ^(IR^), it follows 
from (2.23) that we may fix r > sufficiently small so that 

M 
sup F{u{t),T)<—, (6.13) 

0<t<T o 



sup (2+|A|Ci||Au(f)||22)F(w(t),r) + |A|CiF(u(t),r)"+i <^. (6.14) 

0<t<T 4 



Let £ > 1 be an integer such that (i — l)r < T < £t. Suppose the sequence 
('P")n>i C iJ2(M^) satisfies if"" ^ p in iJ2(R^) as n -> oo and let u" be the 
corresponding solutions of (1.2), with maximal existence time T'max('p")- Since 
tp" — >■ ip, it follows from (6.13)-(6.14) that there exists ni 

(2 + |A|Ci |IA^"||2.)^(^", r) + |A|CiF(^", r)"+i < ^, 

for all n > ni. Therefore, we may apply Proposition 5.1, and it follows that 
Tmax(¥'") > T for u > Tii and Au" -^ Au and < -^ Ut in L9((0,T),i''(M^)) for 
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every admissible pair (q^r). If t < T, we deduce in particular that u"{t) -^ u{t) 
in H'^{R^)), so that by (6.13)-(6.14) there exists nj such that 

F{u-ir),r)<^, 

(2+|A|Ci||Au"(r)||2.)n^"(r),r) + |A|Cin^"(r),rr+i<|^, 

for all n > n2- Applying Proposition 5.1, we deduce that Tmax(</'") > 2t for 
n > n2 and Au" — s- Au and u" —>■ ut in i''((0, 2r),L'"(M^)) for every admissible 
pair {q,r). We see that we can iterate this argument in order to cover the interval 
[0,T]. Finally, if ((^")n>i C L'^(R'^) and v?" ^ v? in i^(K^), we obtain u" ^ u 
in L''((0,T),L''(R^)) for every admissible pair {q,r) by applying, at each step, the 
corresponding statement in Proposition 5.1. 

Appendix A. Proof of Lemma 2.4 

We give the proof of Lemma 2.4. It relies on the following property. 

Lemma A.l. Fix a function p G C^i^^^"^), p > with ||/5||li(r"+i) = 1 '^^c'j 
given any n>l, set Pn{t, x) = n^^^ p{nt, nx) fort E M., x E M.^ . Let 1 < q,r < oo, 
u G L'^ (M., L^ (M.^ )) , and set Un = Pn*u (where the convolution is on M.^^^). It 
follows that 

\\Un\\Li{R,L-} < II"IIli(K,L'-), (A.l) 

and that u„ -^ u in L'^(R, L'''{MJ^)) as n ^^ oo. 

Proof. We denote by -k^ the convolution on M^. We first prove that, given any 
/ e Li(R^+i) and 5 e L«(R,L''(R^)), 

II/*5'IIl9(r,L'-) < II./IIli(r«+i)II.9||l9(r,l'-(k«))- (A. 2) 

Indeed, 



[f*9]it,x)^ / f{t- s,x-y)g{s,y)dyds 
= / [fit-s,-)*xgis,-)]ix)ds. 

JR 

Therefore, by Young's inequality for the convolution on M^, 

ll[/*5](^, •)IIl'-(R") < / ll/(i-S,-)llLi(R")llff(s,-)llL-(R")C^S- 
JR 

We now apply Young's inequality for the convolution is time, and we deduce that 

II/*5||l9(K),L'-(R«)) < II/IIl1(R,L1(R«))II"I1l<!(R),L'-(K"))- 

Inequality (A. 2) follows, since ||/||li(r,li(r™)) — II/IIli{r"+i)- Estimate (A.l) is 
an immediate consequence of (A. 2), since ||pnIlLi(R«+i) = ||/'||li(k«+i) = 1- The 
convergence property follows from (A.l) and a standard density argument, see 
e.g. the proof of Theorem 4.22 in [2]. Note that this argument uses the density 
of Cc(R^+^) in L''(R,L''(R^)). One can show this as follows. By the classical 
truncation argument, Cc(M, L''(R^)) is dense in L«(R,i''(R^)). Then, given a 
function u G Cc(R, i'^(R^)), the set Utm{uit)} is a compact subset of L''{R^). 
Therefore, by the standard truncation and convolution argument (in M^), u can 
be approximated in L°°(R, L''(R^)) by functions of Cc(R^+^). D 

Remark A. 2. Note that the proof of (A. 2) shows the more general inequality 

\\I * 9\\li{R,L^{R")) < II/IIl9i(R,L'-i(R"))II.9||l'J2(r,L'-2(mN)), 

where 1 < q, qi,q2,r, ri,r2<oo satisfy | = -^ + -^-landi = J^ + :^-l. 
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Proof of Lemma 2.4. For a smooth function u, identity (2.13) follows from straight- 
forward calculations. For u as in the statement of Lemma 2.4, we extend u and Ut 
to R X R^ by setting 

^_ju on(0,r)xR^, ^jut on(0,T)xR^, 
10 elsewhere, 10 elsewhere, 

and we consider the sequence (p„)n>i given by Lemma A.l. We set il„ = pn-ku, 
Vn = Pn*v and we note that p € C,°°(R^+i), so that Un,Vn G C~(R^+i). We now 
fix < e < ^ and we set K^ = (e, 1 — e) x R^. We note that for n > uq with uq 
sufficiently large, the convolutions giving Un{x) and Vn{x) for a; £ Kg only see the 
values of u and ut in (0,r) x R^. Thus we see that dtUn = w„ in K^ for n > Uq. 
Applying formula (2.13) to u, we deduce that 

9t(|S„|"u„) = ^^--lu^Vn + ^|U„|''~2~2^ (A3) 

in Kg. We now define q.r > Iby— + — = - and — + — = -. Applying Lemma A.l 
to both u and v, then Holder's inequality in space and time, we deduce that 
lunl'^un -^ |u|"uinL^((e,r-e),L^(R^)) and ^±2 |il„|a^„ + ||u„|"-2m2^ ^ 
^^lul^ut + %\u\°--'^u^ut in Li{{e,T - £),L''(R^)), as n -I- oo. By possibly ex- 
tracting a subsequence, we may assume that convergence also holds a.e. in Kg. 
Letting n — >• oo in (A. 3) we deduce that (2.13) holds a.e. in Kg. Since < £ < ^ 
is arbitrary, we conclude that (2.13) holds a.e. in (0,T) x R^. D 
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